Abstract. We provide a geometric construction of the unitary structure which is projectively preserved by the Hitchin connection. We analyze the asymptotic behavior of it and we establish that it is uniformly in the level equivalent to the Hermitian structure induced by the L 2 inner product on smooth sections.
Introduction
Let Σ be a closed surface of genus g > 1 and choose a point p on Σ. Let Γ be the mapping class group of Σ. We will denote the moduli space of flat SU(2)-connections on Σ − {p} with holonomy − Id ∈ SU(2) around p by M . It is well known that M carries the Goldman symplectic structure ω, which is determined by choosing an invariant inner product on the Lie algebra of SU(2). For the appropriate choice of scaling of this inner product we get that the class of ω generates H 2 (M, Z). Let now (L, ∇, ·, · ) be a prequantum line bundle over (M, ω) , i.e. the curvature of ∇ is the symplectic form
It is well known that Γ acts by symplectomorphisms on (M, ω) and that this action can be lifted to an action of Γ on L which preserves ∇ and ·, · (see e.g. [Fr] and [A1] ). There is a very natural Γ-equivariant family of complex structures parametrized by Teichmüller space T on M . Suppose σ ∈ T is a complex structure on Σ. Then we can consider the moduli space of stable holomorphic bundles of rank 2 and determinant isomorphic to [p] on the Riemann surface Σ σ . This moduli space is naturally a complex manifold M σ and by the theorem of Narasimhan and Seshadri, we get a natural diffeomorphism of the underlying smooth manifold of M σ to M . This structure in fact depends holomorphically on σ ∈ T . The complex structure on M σ combines with the connection ∇ to produce the structure of a holomorphic line bundle on L over M σ , and one gets a vector bundle H (k) over T , with fiber at σ given by
There is a natural holomorphic structure in the bundle H (k) over T . The main result pertaining to this bundle is: Theorem 1.1 (Axelrod, Della Pietra and Witten; Hitchin) . The bundle H (k) suppors a natural projectively flat Γ-invariant connection ∇. This is a result proved independently by Axelrod, Della Pietra and Witten [ADW] and by Hitchin [H] . In Section 2, we review our differential geometric construction of the connection ∇ in the general setting discussed in [A9] .
Supported in part by the center of excellence grant "Center for Quantum Geometry of Moduli Space" from the Danish National Research Foundation. 1 Definition 1.2. For a given k ∈ N, a Hermitian structure (·, ·) on H (k) is said to be projectively preserved by the Hitchin connection, if there exists a 1-form α ∈ Ω 1 (T ) such that for all vector fields V on T and all s 1 , s 2 ∈ C ∞ (T , H (k) ), we have that
Two Hermitian structures on H (k) are called projectively equivalent if there exists a smooth function c defined on T such that c Id induces an isometry between the two structures. A projective Hermitian structure is by definition an equivalence class of a Hermitian structure on H (k) .
Remark 1.3. We observe that a projective Hermitian structure (·, ·) on H (k) induces a Hermitian structure on End (H (k) ) and that two Hermitian structures on H (k) induces the same Hermition structure on End (H (k) ) if and only if they are equivalent. Moreover, a Hermitian structure on H (k) is projectively preserved by the Hitchin connection if and only if the induced Hermitian structure on End (H (k) ) is preserved by the connection in End (H (k) ) induced by the Hitchin connection.
We construct in this paper, for each k, a specific projective Hermitian structure (·, ·) (k) in H (k) , which is projectively preserved by the Hitchin connection ∇. This structure is determined by having a certain asymptotics at particular boundary points of Teichmüller space, which corresponds to pair of pants decompositions of the surface Σ . Let us now discuss this asymptotics. First we review the constructions of [JW] and the degeneration result of [A3] .
Suppose P is a pair of pants decomposition of Σ. By mapping a flat SU(2)-connection to the traces of its holonomy around each of the curves in P , we get a smooth map h P : M → [−2, 2] 3g−3 . The fibers of this map are the so-called Jeffrey-Weitsman real polarization F P on the moduli space M . The fibers over the part of the image which is contained in (−2, 2) 3g−3 are Lagrangian sub-tori of M . Fibers which map to the boundary of the image h P (M ) ⊂ [−2, 2] 3g−3 are singular. We will give a precise description of them in Section 3.
The geometric quantization of the moduli space M with respect to the real polarizations F P was studied by Jeffrey and Weitsman in [JW] . In general, when one quantizes a compact symplectic manifold with respect to a real polarization with compact leaves, one needs to consider distributional sections of the prequantum line bundle, which are covariant constant along the polarization (see e.g. [Wo] , [A3] and [A1] ). One finds that these distributional sections are supported on the so-called Bohr-Sommerfeld fibers of the polarizations.
Definition 1.4. Let H (k)
P denote the vector space of distributional sections of L k over M , which are covariant constant along the directions of F P . A leaf L of F P , i.e. a fiber of h P , is called a level k Bohr-Sommerfeld fiber if (L k , ∇)| L is trivial. We denote the set of level k Bohr-Sommerfeld fibers by B k (P ).
We observe that if L is a leaf of F P , then L is a level k Bohr-Sommerfeld fiber if and only if (L k , ∇)| L admits a covariant constant section defined on all of L. By choosing a covariant constant section of (L k , ∇)| L for each L ∈ B k (P ) and considering them as distributional section of L k over M , we obtain a basis for H (k) P . The main result of [JW] is that dim H
for all σ ∈ T and every pair of pants decomposition of Σ. Consider a family σ t , t ∈ R + ∪ {0} obtained from some arbitrary starting point σ 0 ∈ T , such that σ t is obtained from σ 0 by insertion of a flat cylinder of length t into the cut of Σ along each of the curves in P . We have the following theorem from [A2] . Theorem 1.5. The complex polarizations on M induced from σ t converge to F P as t goes to infinity.
be the parallel transport with respect to the Hitchin connection in H (k) over T along the curve (σ s ), s ∈ [0, t] . In Section 3, we will show that there exists a limiting linear map P ∞ (σ 0 , P ) :
We further establish the following result in Section 4.
Theorem 1.6. The map (1) is an isomorphism.
Jeffrey and Weitsman also describe the set B k (P ) explicitly in [JW] as follows. We can associate to P a trivalent graph Σ P as follows. Each pair of pants is represented by a vertex and two vertices are connected by an edge if they are adjacent on the surface Σ.
By the definition of h P above, we see that the set of leaves of F P is identified with a subset of the set of maps from the set of edges E ΓP of Γ P to [−2, 2] . By identifying [0, k] with [−2, 2] using the bijection t → 2 cos(πt/k), we can consider the set of leaves of F P as a subset of the set of maps from E ΓP to [0, k] . For each vertex v in the set of vertices V ΓP in Γ P , we let e 1 (v), e 2 (v) and e 3 (v) be the three edges emanating from v. Definition 1.7. For each pair of pants decomposition P of Σ,
where a triple of integers (l 1 , l 2 , l 3 ) is said to be admissible if the following three conditions are satisfied.
Theorem 8.1 in [JW] states that Theorem 1.8 (Jeffrey-Weitsman) . Under the above identification we have that
We recall that the Reshetikhin-Turaev TQFT assigns a Hermitian vector space to Σ, which given the pair of pants decomposition P of Σ is provided with a basis indexed exactly by L k (P ) [RT1] , [RT2] , [T] . We also refer to the skein theory model of Blanchet, Habegger, Masbaum and Vogel, [BHMV1] , [BHMV2] , [B1] . We let the vector corresponding to l ∈ L k (P ) be denoted by v l . By Theorem 4.11 in [BHMV1] we have that the basis is orthogonal and the norms are given by the following formula
where η = 2 r sin(π/r) with j = (−1) j [j + 1] for any integer j, and for any triple of integers (a, b, c) ,
and
[j] = sin(jπ/r) sin(π/r) .
Furthermore, r = k + 2. We observe that (2) is positive for all l ∈ L k (P ). We now introduce an
As will be demonstrated in this paper, the basis vectorṽ l correspond to a covariant constant section of L k of unit norm over the leaf of F P corresponding to l. We therefore define a Hermitian structure (·, ·)
Hence we see that s 1 , s 2 is constant along the leaves of P in B k (P ) and thus s 1 , s 2 becomes a function on B k (P ). Under the above identification of B k (P ) with L k (P ), we can thus interpret s 1 , s 2 as a function defined on L k (P ).
We observe that (·, ·) (k) P is positive definite. We proof the following theorem in Section 7. Theorem 1.10. There is a unique projective Hermitian structure (·, ·) (k) in H (k) which is projectively preserved by the Hitchin connection, projectively invariant under the mapping class group action and satisfies the following asymptotics: For any σ 0 ∈ T and pair of pants decomposition P of Σ, we have that
We recall that we also have the L 2 -Hermitian structure on
for any two sections s 1 and s 2 of H (k) . We now wish to compare (·, ·)
respectively {·, ·} (k) be the Hermitian structures induced on End(
respectively (·, ·) (k) . We will show in Theorem 8.4 that the inner product (s 1 , s 2 ) (k) has a representative of the following form:
, which has the asymptotic expansion
From this theorem, we immediately get the following corollary.
Corollary 1.12. The Hermitian structures {·, ·} (k) on End (H (k) ) are uniformly equivalent to {·, ·}
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The Hitchin connection
In this section, we review our construction of the Hitchin connection using the global differential geometric setting of [A9] . This approach is close in spirit to Axelrod, Della Pietra and Witten's in [ADW] , however we do not use any infinite dimensional gauge theory. In fact, the setting is more general than the gauge theory setting in which Hitchin in [H] constructed his original connection. But when applied to the gauge theory situation, we get the corollary that Hitchin's connection agrees with Axelrod, Della Pietra and Witten's.
Hence, we start in the general setting and let (M, ω) be any compact symplectic manifold.
Definition 2.1. A prequantum line bundle (L, (·, ·), ∇) over the symplectic manifold (M, ω) consist of a complex line bundle L with a Hermitian structure (·, ·) and a compatible connection ∇ whose curvature is
We say that the symplectic manifold (M, ω) is prequantizable if there exist a prequantum line bundle over it.
Recall that the condition for the existence of a prequantum line bundle is that
Furthermore, the inequivalent choices of prequantum line bundles (if they exist) are parametriced by H 1 (M, U (1)) (see e.g. [Wo] ). We shall assume that (M, ω) is prequantizable and fix a prequantum line bundle (L, (·, ·), ∇). Assume that T is a smooth manifold which smoothly parametrizes Kähler structures on (M, ω) . This means that we have a smooth
We will use the notation M σ for the complex manifold (M, I σ ). For each σ ∈ T , we use I σ to split the complexified tangent bundle T M C into the holomorphic and the anti-holomorphic parts. These we denote by
1 Here a smooth map from T to C ∞ (M, W ), for any smooth vector bundle W over M , means a smooth section of
We will also encounter the situation where we have a bundleW over T × M and then we will talk about a smooth p-form on T with values in C ∞ (M,Wσ) and mean a smooth section of π
where X, Y ∈ C ∞ (M, T M C ). The divergence of a vector field X is the unique function δ(X) determined by
with m = dim M . It can be calculated by the formula δ(X) = Λd(i X ω), where Λ denotes contraction with the Kähler form. Even though the divergence only depend on the volume, which is independent of the of the particular Kähler structure, it can be expressed in terms of the Levi-Civita connection on M σ by δ(X) = tr ∇ σ X.
Inspired by this expression, we define the divergence of a symmetric bivector field
Notice that the divergence of bivector fields does depend on the point σ ∈ T . Suppose V is a vector field on T . Then we can differentiate I along V and we denote this derivative by
anticommutes with I. Hence, we get that
. Now we will further assume that T is a complex manifold and that I is a holomorphic map from T to the space of all complex structures on M . Concretely, this means that
for all real vector fields V on T . We see thatG and G are one-forms on T with values in
and G(V ) = G(V ′ ). Using the relation (3), one checks thatG
where
is the symmetric bivector field obtained by raising both indices on the metric tensor. Clearly, this implies thatG takes values in
On L k , we have the smooth family of∂-operators ∇ 0,1 defined at σ ∈ T by
For every σ ∈ T , we consider the finite-dimensional subspace of
for all vector fields V on T and all smooth sections s of
This result is not surprising. See [A9] for a proof this lemma. Observe that if this condition holds, we can conclude that the collection of subspaces H
In other words, the (0, 1)-part of the trivial connection ∇ t induces a∂-operator on H (k) and hence makes it a holomorphic vector bundle over T . This is of course not in general the situation in the (1, 0)-direction. Let us now consider a particular u and prove that it solves (5) under certain conditions.
On the Kähler manifold (M σ , ω), we have the Kähler metric and we have the Levi-Civita connection ∇ in T σ . We also have the Ricci potential
The Ricci potential is the element of
is the Ricci form and Ric H σ is its harmonic part. In this way we get a smooth function F :
we get a linear bundle map
given by contraction. In particular, for a smooth function f on M , we get a vector field
We define the operator
Let's give a more concise formula for this operator. Define the operator
is tensorial and symmetric in the vector fields X and Y . Thus, it can be evaluated on a symmetric bivector field and we have
Putting these constructions together, we consider, for some n ∈ Z such that 2k+n = 0, the following operator
The connection associated to this u is denoted ∇, and we call it the Hitchin connection in H (k) . Following [A9] , we now introduce the notion of a rigid family of Kähler structures. Definition 2.3. We say that the complex family I of Kähler structures on (M, ω) is rigid if
for all vector fields V on T and all points σ ∈ T .
We will assume our holomorphic family I is rigid. There are plenty of examples of rigid holomorphic families of complex structures, see e.g. [AGL] .
Theorem 2.4. Suppose that I is a rigid family of Kähler structures on the compact, prequantizable symplectic manifold (M, ω) which satisfies that there exists an n ∈ Z such that the first Chern class of
Then u given by (6) and (7) satisfies (5) for all k such that 2k + n = 0.
Hence, the Hitchin connection ∇ preserves the subbundle H (k) under the stated conditions. Theorem 2.4 is established in [A9] through the following three lemmas.
Lemma 2.5. Assume that the first Chern class of
Lemma 2.6. We have the following relation
Lemma 2.7. For any smooth vector field V on T , we have that
Let us here recall how Lemma 2.6 is derived from Lemma 2.7. By the definition of the Ricci potential
and therefore 4i∂∂V
From the above, we conclude that
From Lemma 2.5, it follows that it is also∂ σ -closed, hence it must be a closed one-form. Since we assume that H 1 (M, R) = 0, we see that it must be exact. But then it in fact vanishes since it is of type (0, 1) on M σ .
From the above we conclude that
solves (5). Thus we have established Theorem 2.4 and hence also provided an alternative proof of Theorem 1.1.
In [AGL] we use half-forms and the metaplectic correction to prove the existence of a Hitchin connection in the context of half-form quantization. The assumption that the first Chern class of
is then replaced by the vanishing of the second Stiefel-Whitney class of M (see [AGL] for more details).
Suppose Γ is a group which acts by bundle automorphisms of L over M preserving both the Hermitian structure and the connection in L. Then there is an induced action of Γ on (M, ω). We will further assume that Γ acts on T and that I is Γ-equivariant. In this case we immediately get the following invariance.
Lemma 2.8. The natural induced action of Γ on H (k) preserves the subbundle H (k) and the Hitchin connection.
Remark 2.9. We remark that if M is not compact, but we know there exist a family of functions F : T → C ∞ (M ) which solves Ric = nω + 2i∂∂F, then all the rest of the proof of Theorem 2.4 is local and thus it applies in the noncompact case as well, and the theorem remains valid in this more general case. We further observe from the above argument that if the family I satisfies F σ = 0 for all σ ∈ T , then the above construction also gives a Hitchin connection, which in that case is simply given by
An example of this is if M is a torus and I is a family of linear complex structures on M , see e.g. [AB] .
Non-negative polarizations on moduli spaces
In this section we review the setting and results from [A3] and we discuss the immediate generalizations to surfaces with marked points.
Let Σ be a closed oriented surface and let R be a finite set of points on Σ and setΣ = Σ − R.
Definition 3.1. A systemP of q disjoint closed curves onΣ is called admissible if no two curves from the system are homotopic onΣ and none of the curves are null-homotopic onΣ nor homotopic onΣ to a curve which is contained in a disc-neighborhood of one of the points in R.
For an admissible system of curvesP onΣ, letΣ be the complement inΣ of the curves inP . Suppose c 0 is any assignment of conjugacy classes of SU (2) to each of the points in R. Let N be the moduli space of flat SU(2)-connections onΣ with holonomy around each of the points in R contained in the conjugacy classes determined by c 0 .
We let hP : N → [−2, 2]P be the map which maps a connection to the trace of the holonomy around the curves inP . We let N c = h , which for each γ ∈P maps S 1 × {0} to γ, we can assume that A restricted to each component of this tubular neighborhood is of the form A = ξ γ dθ, where θ is a coordinate on S 1 and ξ γ ∈ su(2) such that exp(ξ γ ) ∈ c(γ) is the chosen element in the conjugacy class for all γ ∈P . We can now associate to any element in the Lie group
a broken gauge transformation g z with support in the chosen tubular neighborhood ofP , such that the restriction of g z to the connected component around γ is given by g = exp(ψ(t)η(γ)), where z(γ) = exp(η(γ)) and ψ : (−1, 1) → [0, 1] is identically zero on (0, 1) and near −1, and it is identically 1 on (−ε, 0], for some small positive ε.
From this, it is clear that the Lie group ZĀ acts on Z c and we have the following Lemma from [A3] .
Lemma 3.2. We have a smooth ZĀ-invariant surjective map
This map induces an isomorphism
. We observe that ZĀ is isomorphic to a product of Lie groups. The product is index the components ofΣ and the Lie groups are of sub-groups of SU(2) from the following list:
We denote by L N the Chern-Simons line bundle over N constructed in [Fr] . L N is a topological complex line bundle over N . Moreover, there is a well-defined notion of parallel transport in this bundle along any curve in N which can be lifted to a piecewise C 1 -curve of connections. Over the dense smooth part N ′ of N , L N is equipped with a preferred Chern-Simons connection, whose parallel transport induces this parallel transport.
Since L N is constructed in [Fr] on the space of connections onΣ with holonomy contained in c 0 , we see in fact that we get a well-defined line bundle L N,A over Z c A ∼ = Z c , with an induced action of ZĀ, with the property that there is a natural ZĀ-equivariant isomorphism from 
Letσ be a complex structure onΣ with the following property:
(1) The complex structureσ restricted to each of the components of a tubular neighborhood of the curves inP are conformally equivalent to semi-infinite cylinders. (2) The complex structureσ extends over the points in R. The following theorem is an immediate generalization of Theorem 5.1 in [A3] .
Theorem 3.4. The structure (P ,σ) induces a non-negative polarization FP ,σ on N , with the following properties:
• The coisotropic leaves of FP ,σ are given by the fibers N c , c ∈ [−2, 2]P .
• The isotropic leaves of
denote the vector space of distributional sections of L k N over N , which are covariant constant along the directions of FP ,σ .
We have the following factorization theorem, which is an analogue of the factorization theorem in [A2] . Theorem 3.6. We have the following natural isomorphism:
Proof. The theorem follows directly from the arguments presented in [A2] . First one observes that for any c ∈ hP (N ), the holonomy is trivial along some generic fiber of π c if and only if it is trivial along all the generic fibers of π c . This follows since the symplectic annihilator of T N c is ker(π c ) * at a generic point of N c . From this one concludes that the support of any distribution in H
can be restricted to N c , and here it must be covariant constant along the fibers of π c and hence induces a section in L c,k overN c . By analyzing the distributional section restricted to N c in the transverse directions to the fibers of π c , one finds that the induced section of L c,k overN c must be holomorphic with respect to the complex structure induced onN c byσ.
Suppose we now have a complex structureσ 0 onΣ, which extends over Σ. We now construct a family of complex structuresσ t onΣ, obtained fromσ 0 by cuttingΣ along each of the curves inP and gluing in flat cylinders of length t to each of the two copies of each curve inP , for all non-negative t. The complex structuresσ t onΣ induce complex structures on N . When identifying the surface we obtain by cutting Σ alongP and then attaching semi-infinite flat cylinders to all boundary components, withΣ, we obtain a complex structure onΣ, which we denoteσ.
The following theorem is an immediate generalization of Theorem 6.2 of [A2] .
Theorem 3.7. The complex structures on N induced from the complex structuresσ t converge to the non-negative polarization FP ,σ as t goes to infinity.
The asymptotics of the Hitchin connection under degenerations
In this section we prove Theorem 1.6. We consider the more general setting discussed in Theorem 3.7 from the previous section. However, we only need the following special cases:
(1) The surface Σ is of genus g > 1 and R consists of one point, (2) The surface Σ is a torus and R consists of one point,
The surface Σ is a sphere and R consists of four points. We recall that the moduli space N of interest is the moduli space of flat connections onΣ with holonomy around each of the points in R determined by c 0 .
In the case (1) we will only be interested in the moduli space N = M of flat connections onΣ with holonomy c 0 = {− Id} around the one point p in R. Consider a point σ ∈ T .
A holomorphic vector bundle E →Σσ is semi-stable if for every proper holomorphic subbundle F ⊂ E we have the following conditions on the slope µ of E, and F
A holomorphic vector bundle is called stable if the inequality is strict.
To each semi-stable vector bundle there exists a unique (up to isomorphism) filtration called the Jordan-Hölder filtration
with the property that the slopes of each of the quotients is the same as the slope of E, i.e.
and each quotient E i+1 /E i is a stable vector bundle. We then define the associated grated vector bundle
Two holomorphic vector bundles E, E ′ are S-equivalent if and only if their associated grated vector bundles are isomorphic, i.e.
E ∼ S E
′ if and only if Gr(E) ≃ Gr(E ′ ).
Theorem 4.1 (Narasimhan & Seshadri). The moduli space of S-equivalence classes of semi-stable bundles of rank n and determinant O σ ([p]) is a smooth complex algebraic projective variety isomorphic as a Kähler manifold to M σ
This theorem is proven by using Mumford's Geometric Invariant Theory.
Hence we see that T parametrizes complex structures which are all Kähler with respect to the symplectic structure ω on M . To get uniform notation we will in this case (1) also use the notationT for T .
In the cases (2) and (3) we are interested in arbitrary rational holonomies around the points in R, hence we need on the algebraic side to consider moduli space of parabolic vector bundles on Σ with the parabolic structures located at the points R with respect to some pointσ in the Teichmüller spacẽ T ofΣ. Definition 4.2. LetΣσ be a compact Riemann surface with distinct marked points R ⊂Σσ, and E →Σσ a holomorphic vector bundle of rank r. A parabolic structure on E →Σσ at p ∈ S is a choice of partial flag
with a set of parabolic weights
. A parabolic vector bundle onΣσ is a holomorphic rank r vector bundle E →Σσ with a choice of parabolic structure at each marked point.
In order for the moduli space of parabolic vector bundles to have nice geometric structure we need to impose stability conditions on the parabolic vector bundles -just as in the case of ordinary vector bundles.
The parabolic degree of a parabolic vector bundle E →Σσ is defined by
Every holomorphic subbundle F of E naturally has a parabolic structure at each of the marked points p ∈ R by defining
and removing repeated terms. The weights are the largest of the corresponding parabolic weights from
As with vector bundles we now define stable parabolic vector bundles as those where for each proper subbundle F ⊂ E we have
The weights give the connection between the moduli space of parabolic vector bundles to the moduli space of flat unitary connections with holonomy around the punctured marked points being these weights. This is the Mehta-Seshadri theorem [MeSe] . We will in the following only be interested in the case of SU(2)-connections corresponding to rank-2 degree 0 parabolic vector bundles. Furthermore we will only be interested in the cases where the Riemann surface is a torus with a single marked point and the sphere with four marked points.
At the marked points for a rank-2 parabolic vector bundle there is only a two step filtration,
The weights must satisfy w 2 (p) − w 1 (p) < 1 and w 1 (p) < w 2 (p). If the parabolic vector bundle should correspond to a flat unitary connection the parabolic degree of E must be zero, so
At each marked point p ∈ R the holonomy of the connection around that point is conjugate to diag(e 2πiw1(p) , e 2πiw2(p) ). Since this matrix must be an SU(2) matrix w 1 (p) + w 2 (p) must be an integer. Since deg(E) = 0 we all in all have w i (p) ∈ (− 1 2 , 1 2 ). The consequence is that w 1 (p) + w 2 (p) = 0 and finally that w 1 (p) = −w 2 (p). Since w 1 (p) < w 2 (p) we get that w 2 (p) = s p ∈ [0,
Let L be a proper line subbundle of E →Σσ. If we assume E to be parabolically stable then pdeg(L) < 0. For a marked point p the filtration of L p has only one step, and is
In the case
p the weight jumps to w 1 (p) = s p . In all of the three cases (1) -(3) above, we get a family of complex structures I on N parametrized byT . We denote N with the complex structure I(σ) by Nσ forσ ∈T . We let H (k) denote the vector bundle overT , whose fiber overσ Proof. In the case (1) this was demonstrated by Htichin in [H] . The cases (2) and (3) follow from the special considerations in Sections 5 and 6.
Consider the familyσ t constructed in the previous section from the starting data (σ 0 ,P ). Let
be the parallel transport with respect to the Hitchin connection in
Let c ∈ [−2, 2]P and consider the subspace N c ⊂ N . Consider a point x in N ′ (N ′ being the manifold of smooth points of N), which is also a smooth point of N c . For each t, let I t be the corresponding complex structure on N . A covariant constant section s t ∈ H ⊥t refers to the orthogonal complement with respect to the metric induced by ω and I t . From this we get the following decomposition: 
From these formulae we immediate get the first part of the proposition, since we can use the above two formulae to rewrite u(σ ′ )| Nc to obtain an operatorũ c (σ ′ t ), such that the evolution of s t | Nc is determined by (10).
Let us now use the notation
In order to establish the claim, we consider a point 
We now observe that there is a unique complex symmetric matrix Z t (x) depending smoothly on x near x 0 , such that
spans P t (x), the fiber of the holomorphic tangent bundle of N ′ at x with respect to the complex structure induced fromσ t . If we write Z t = X t + iY t , where X t and Y t are real, then from its definition we conclude that X t and Y t are symmetric and Y t > 0. The decomposition p = (p ′ , p ′′ ) gives a corresponding decomposition of q = (q ′ , q ′′ ). This decomposition gives the following blockdecomposition of Z t :
By Theorem 3.7, we have the following asymptotics:
as t goes to infinity, where Z ∞ = X ∞ + iY ∞ and Y ∞ > 0. By examining the proofs of Theorem 10 in [A3] , one sees immediately that the convergence of P t to FP ,σ is a convergence in the C ∞ -topology on N ′ . In particular, we have that
Let us now analyse the case where
The other cases are treated completely analogously.
Let L t be a symplectic local bundle transformations of T N ′ ⊗ C such that L t (O) = P t and L ∞ = Id. In this basis we have:
Since A → Id as t → ∞, we may assume that A is invertible. The symplectic transform
Id which must map O onto P t . Hence, Z = A −1 B and
is a basis ofP t (we have here suppressed the t-dependence of the w i 's). Since P t ∩P t = {0} we that O ∩ P t = {0}. This follows since P t corresponds to I t and
Claim 4.7. P ∩ P t = {0} ⇔ det(Z) = 0.
Proof. Assume det Z = 0. Then there exists a non zero vector c such that
Hence
But then
which implies that i c i Z ij = 0 for j = 1, . . . , n., thus det Z = 0. [GS] , we can identify the space of lagrangian subspaces transverse to a given one O as an affine space associated to the vector space S 2 (T M/P ), which we can identify with S 2 (Q). The quadratic form associated with P t becomes
Claim 4.8. P t ∩P t = {0} if and only if
det Y = 0. Proof. Assume det Y = 0 then there exist (x 1 , . . . , x n ) ∈ R n − {0} s.t. x i Y ij = 0. Now, x i w i = x iwi = 0 and hence P t ∩P t = {0}. Conversely, assume P t ∩P t = {0}. Let (c 1 , . . . , c n ) ∈ C n − {0}, such that c i w i ∈ P t ∩P t ∩ T M . But then (c i w i −c iwi ) = 0, if and only if (c ′ i w ′ i − c ′′ i w ′′ i + i(c ′ i w ′′ i + c ′′ i w ′ i ) − c ′ i w ′ i + c ′′ i w ′′ i + i(c ′ i w ′′ i + c ′′ i w ′ i )) = 0 which is equivalent to 2 (c ′ i Y ij q j + c ′′ i p i + c ′′ i X ij q j ) =
Notice that T M/O ≃ Q and soL
ij w j , and so
ij . Now I t is determined from P t by the condition that
which implies
jk X kl q This gives us the following matrix presentation
A simple computational check shows that this this matrix indeed squares to − Id. Let us now compute the derivative of I t .
İ (p) I(q)
On the other hand, using I(w i ) = iw i we compute thatİ (w i ) = iẇ i − I(ẇ i ) = (i Id −I)ẇ i and thatẇ
This gives us the following formulaṙ
Which implies thatİ (w) = −ŻY
Hence, with respect to the local frames we have the local matrix presentationṡ
So we have the following formula for the derivative of the complex structurė
Thus (Y v, v) = 0 and therefore v = 0. 
Let us now compute the symplectic form on the (w * ,w * ) basis.
hence ω ij = −2iY ij . From this we see that 
This implies
Because of (12) we see that π
Let us define the following operators
On ker ∇ 0,1 , we shall now compute tr(D ′′ GD ′ ). Hence if we have a section s of L k over N ′ , which is holomorphic, we have that ∇ pi s = −∇Z ij qj s, which we will use a number of times below. From the above we have that
ij (w j −w j ) and therefore we have that
which gives w = −2iYZ
and then if we use ∇ 0,1 s = 0 then
and hence
and thus
which allows us to conclude
Since we have that
we get that
From this we see that
where H(t) → 0 as t → ∞. Hence we have obtained the formula
Let now consider the first order term of u(V ).
So using ∇ 1,0 s = 0 we obtain
From this we get the following formula for
whereḞ t refers to the derivative of F t with respect to the holomorphic part ofσ ′ t . Claim 4.9. We have that
• The derivative along the directions of FP ,σ ∩FP ,σ of F t converges to zero.
• The derivative of F t with respect to the holomorphic part ofσ ′ t goes to zero as t goes to infinity.
• The function F t converges to zero, as t goes to infinity.
Proof. The claim follows directly from the equations which defines F t when combined with Theorem 3.7.
From these two claims it follows immediately thatũ c (σ Theorem 4.5 now follows directly from Claim 4.6, 4.9 and 4.10 together with the above derived formulae.
Theorem 4.11. In the cases (1)-(3) above and forP any admissible system of curves onΣ, there exists a limiting linear map
where P (t) = [ũ c,t , ·] and E(t 0 ) = Id, where t 0 is some starttime. We further let
Iterating this construction we arrive at the following formula
We need to justify the convergence of the series (16). First we observe that
From the above we have that
, where α < −1. This allows us to show that (16) is absolutely summable. For large enough t 0 we will get that |e −tP∞ | = 1 for all t ≤ t 0 . So then
Hence, we see that (16) is summable and
α+1 .
Note that the estimate converges to e
as t → ∞.
Let us now show that E(t) is a Cauchy sequence as
α+1 , which can be made arbitrary small provided t 1 and t 2 are large enough giving the Cauchy condition. Hence E(∞) exists. Moreover, by dividing by |t 1 − t 2 | and letting t 2 → t 1 . We see that |E ′ (t)| can be made arbitrarily small, provided t is large enough, hence E ′ (t) → 0 as t → ∞. But then we get that
proving ImE(∞) ⊆ ker P ∞ . It is clear that E(t) defined this satisfies the required equation. The theorem now follows from Claim 4.10.
Suppose we now have
where Vol σt,b is the volume form on h
σt be the state associated to this functional, (s, s P,σt ) = S P (s),
σt . Proposition 4.12. We have the following asymptotics in Teichmüller space:
Proof. This Theorem follows by the same qrguments as in [A11] , since the effect of degenerating the complex structure is after a local coordinate change equivalent to the large k limit considered in [A11] .
Corollary 4.13. In the cases (1)-(3) above and forP any admissible system of curves onΣ, the map (15) is an isomorphism.
Theorem 4.11 and this Corollary 4.13 implies Theorem 1.6.
The four punctured sphere case
Suppose Σ is a 2-sphere, and that R consists of four points on Σ. LetΣ = Σ − R. Assume that we have a labeling c : R → [−2, 2]. Suppose we are given two transverse pair of pants decompositions P 1 and P 2 ofΣ. Then P i = {γ i }, where γ 1 and γ 2 are two transverse simple closed curves onΣ. We will use the notation h i = h Pi .
Choose an ordered subset R ′ of R of cardinality three. In this case we have the identitỹ
obtained as follows. For eachσ, there is a unique z ∈ C − {0, 1} and a unique biholomorphism from (Σσ, R) to (CP 1 , {0, 1, ∞, z}) and which maps the ordered set R ′ to the points {0, 1, ∞} on CP 1 .
In the following we determine the moduli space of flat connections on a four punctured sphere. In stead of calculating the moduli spaces purely gauge theoretic we will make heavy use of the identification of the moduli space of flat connections onΣσ with the character variety M(Σσ) = Hom(π 1 (Σ g,n ) , SU(2))/SU(2).
There are many ways of calculating these moduli spaces. We could use the Morse theoretic approach as [Th] , or we could use pair of pants decomposition ofΣσ into two pair of pants glued along a circle, and calculate the fundamental group as an amalgamation of fundamental groups of two fundamental groups of a pair of pants. We will however calculate it by specifying specific curves, and use them to define coordinates in M(Σσ) by using trace.
Let A, B, C, D be four curves onΣσ each of which encircles a puncture. Then
We define seven coordinates on the moduli space, each for one of the trace of holonomies around the punctures a = Tr(ρ(A)), b = Tr(ρ(B)), c = Tr(ρ(C)), d = Tr(ρ(D)) and one for each of the belts dividingΣσ into two pair of pants x = Tr(ρ(AB)), y = Tr(ρ(BC)) and a last for the diagonal z = Tr(ρ(AC)), where ρ is a SU(2)-representation of π 1 (Σσ). It can be shown ( [Ma] ) that these functions satisfy the equation
4 all moduli spaces are topologically spheres. In the six boundary cases
the moduli spaces are just points -this corresponds to the case where two of the punctures has been filled in, and we consider the space of flat connections on a circle with specified holonomy t ∈ [−2, 2] -which is exactly a point.
Remark 5.1. For a more detailed study of the moduli spaces mentioned in the above examples see e.g. [Go1] .
Let us now consider the moduli space of parabolic vector bundles onΣσ. By the Mehta-Seshadri Theorem and the calculations above this moduli space is generically a 2-sphere.
Let E →Σσ be a stable parabolic vector bundle of parabolic degree 0 onΣσ and let L ⊂ E be a proper subbundle.
From above we have
For E to be parabolically stable pdeg L < 0 so we get the following bound on the degree of L:
Since deg E = 0 the Grothendieck classification of vector bundles on
If L = O(k) the restriction on degree gives k ≤ p∈R s p . Now since there are four marked points and each of the s p are less than 1 2 we get that k < 2. Thus there are only two options
Having analyzed this moduli space, we now turn to its quantization and the associated Hitchin connection. In particular, we will below identify the Hitchin connection explicitly with the TUY connection in the bundle of conformal blocks in this case of a four holed sphere. Hence let us first recall the sheaf of vacua construction from [TUY] .
Suppose g is a Lie algebra with a invariant inner product , which we will normalize such that the longest root have length √ 2. Let B = C − {−1, 0, 1} and let C = B × P 1 , which the canonical sections s i : B → C, i = 1, 2, 3, 4 determined by
Let F = (C, B, s 1 , s 2 , s 3 , s 4 ) with the natural formal neighbourhoods induced from the canonical identification
and recall from [TUY] that the sheaf of conformal blocks over B are given as follows
where H λi is the heighest weight integrableĝ-module and
As it is proved in [TUY] , we get that the restriction map from H λ to H (0) λ = V λ induces an embedding of the sheaf of conformal block in genus 0 into trivial V * λ -bundle:
Under this identification, the TUY-connection in the sheaf of conformal blocks gets identified with the KZ-connection in B × (V * λ ) g , which we now recall. Let Ω ij is the quadratic Casimir acting in the i'th and j'th factor. Suppose that (J 1 , J 2 , J 3 ) is an orthonormal basis of g, then (2) and g, and we embed them into Aut(V λ1 ⊗ · · · ⊗ V λ4 ) and End(V λ1 ⊗ · · · ⊗ V λ4 ) in the usual way, then
The KZ-connection is then given by
We will now produce a geometric version of the KZ-connection. The invariant inner product on the Lie algebra g induces a natural symplecitc structure on the coadjoint orbits. Let h ⊆ g denote the Cartan subalgebra and denote by X λ the coadjoint orbit through λ ∈ h * . If we use the right normalization of the inner product, we have that X λ is quantizable if and only if λ is in the weight lattice. Let G = SU(2) and assume that λ is a dominant weight. We get a prequantum line bundle L λ → X λ , and the action of SU(2) lifts to this line bundle. Furthermore there exists a SU(2)-invariant complex structure on X λ . It follows from the Bott-Borel-Weil Theorem that the representation of SU(2) on H 0 (X λ , L λ ) are the one determined by λ:
The action of g on V λ can be described explicitly: we have an infinitesmal aciton of g on X λ given by
We then have that the action of g on V λ is described by
is the moment map evaluated on ξ. We remark that the action of g is given by first order differential operators.
Let us now consider the situation where we have four dominant weights λ = (λ 1 , λ 2 , λ 3 , λ 4 ), and consider the exterior tensor product
which is a line bundle over
Thus we get a representation of SU (2) on
We are interested in the invariant part
We can provide an alternative description of V G λ by applying the idea that quantization commutes with reduction: Consider the moment map for the diagonal action
Now we consider the symplectic reduction
which have an induced complex structure from X. Furthermore there exists a unique line bundle
where p : µ −1 (0) → M is the projection map.
Theorem 5.2 (Guillemin & Sternberg) . Quantization commutes with reduction, i.e.
Now we consider the genus 0 surface Σ with 4 marked points x 1 , . . . , x 4 . We assume that we are provided with an identification Σ ∼ = P 1 , s.t. (x 1 , x 2 , x 3 ) are mapped to (−1, 0, 1) and x 4 to τ ∈ P 1 − {−1, 0, 1, ∞}. We assume that we have dominant weights λ 1 , . . . , λ 4 attached to x 1 , . . . , x 4 . The KZ-connection is defined as a connection in the trivial bundle
As stated above, the KZ-connection is described by the specific 1-form:
τ + 1 From this we see that each of the operators Ω ij become second order differential operators on X acting on L λ such that they globally preserve V G λ
. We now describe the resulting connection∇ acting on the trivial H 0 (M, L M )-bundle over P 1 − {0, 1, ∞}:
whereû is a 1-form on P 1 − {0, 1, ∞} with values in differential operators on M acting on L M . Explicitly we get a formula forû(
and the splitting:
of the tangent space of µ −1 (0) into a 3-dimensional and a 2-dimensional subspace. Furthermore, we have that
where I is the complex structure on X. On G-invariant section of L λ which are also holomorphic, i.e. V
G λ
, we see that the derivatives in the direction of T x (Gx) and I(T x (Gx)) vanishes, hence we can rewrite the action of u KZ as a second order differential operator which only differentiates in the direction of (T (Gx))
⊥ . Since we have G-invariance, we get this way an expression forû( 
Proof. We observe that
under the identification of M ∼ = P 1 . Next we observe that u KZ ∈ H 0 (X, S 2 (T )) which then gives the stated result by reduction.
We now compare this geometric version of the KZ-connection with the Hitchin connection. Since (M, ω, I) is isomorphic to P 1 as a complex manifold, we know there exists a smooth family of complex isomorphisms
varying smoothly with τ ∈ T . By comparing Chern-classes, we see that
as holomorphic line bundls, for some k M ∈ Z independent of τ ∈ T . From this we also get
We observe that
as representations of SL(2, C). Here we think of S 2 (H 0 (P 1 , O(2))) as quadratic forms on H 0 (P 1 , O(2)) and S 2 0 mean trace zero such. 
) as symmetric symmetric traceless 3 × 3 complex matrices on which SL(2, C) acts by conjugation. We have that two symmetric traceless 3 × 3 complex matrices are conjugate if and only if they have the same eigenvalues. An explicit computation shows thatG τ and σ(û( ∂ ∂τ )) has the same eigenvalues, hence we can find the required map Ψ.
SinceΦ is such that the two symbols of the two second order differential operators defining the Hitchin connection and the geometric KZ-connection have been aligned, it follows from the form the Hitchin connection has, in order to preserve the subbundle of holomorphic sections thatΦ must take the Hitchin connection to the KZ-connection. We further see that the Bohr-Sommerfeld decomposition corresponding to the limiting real polarizations, when τ approaches −1 and 1, corresponds to the factorization decomposition for the covariant constant sections of the sheaf of vacua constructed in [TUY] . Proof. The projective equivalence is obtained by the tensor product of the parallel transport discussed above on the four-punctured sphere in question with the identity on the complementary part in the factorization. The fact that this is a projective equivalence follows from the above arguments identifying the parallel transport of the Hitchin connection with the KZ-connection, which by the results of [AU1, AU2, AU3, AU4] know is an isometry, since the corresponding flip transformation in the ReshetikhinTuraev TQFT is an isometry.
The once punctured genus one case
Consider the specific case of a torus with a single puncture,Σσ (in the notation above). Let N c0 be the moduli space of flat connections onΣσ with c 0 ∈ [−2, 2] the holonomy around the puncture. The generators of the fundamental group are the curves a, b, c being the longitude, meridian and a small curve around the puncture. The fundamental group ofΣσ is π 1 (Σσ) = a, b, c | aba
We describe the moduli space by determining each of the fibers of the trace Tr :
The case where C corresponds to minus the identity (i.e. Tr(C) = −2) is the same as removing the puncture. Now since a, b commute in π 1 (Σσ) we have AB = BA. Every element of SU(2) can be diagonalized, so as SU(2) acts on the representation variety by diagonal conjugation we assume A to be diagonal. Assume also that A has distinct eigenvalues. Then the only element B that commutes with A are diagonal matrices. Hence A and B can be simultaneously diagonalised to be elements of S 1 . We can however still conjugate A and B by elements of the Weyl group and still stay within S 1 ⊂ SU(2) (this amounts to changing the order of the eigenvalues), so N 1 (Σσ) = S 1 × S 1 /Z 2 . In the case of A or B not having two distinct eigenvalues the above description is still valid; generally however these non-generic cases correspond to singular points of the moduli space.
Let a, b, c be curves as above. The trace provides coordinates on the moduli space, so let ρ be a SU(2)-representation of the fundamental group, and define x = Tr(ρ(a)), y = Tr(ρ(b)) and z = Tr(ρ(ab)). The moduli space is a subset of [−2, 2] 3 carved out by the relation from the presentation of the fundamental group. Now fix the holonomy around c to be C ∈ SU(2). By the relation ABA −1 B −1 = C, and it is a simple check that the following identity is satisfied for any A, B ∈ SU(2):
In other words the moduli space with fixed holonomy around c is
which is topologically a sphere, for all values of c 0 ∈ (−2, 2]. We expect that we can find an argument completely parallel to the one given above in the genus zero case, since the moduli space is again a sphere. However we do not strictly need this, since by [AU3] , we know that the genus zero part of a modular functor determines S-matrix, which is the need equivalence in this case. By the result of the previous section, we know that the quantization of the moduli spaces of does indeed give a modular functor which in genus zero is isomorphic to the one constructed in [AU2] for the Lie algebra of SU (2). Hence we have the following theorem. 
Well-definedness of the projective Hermitian structure
We recall the setting from the introduction, where Σ is a closed oriented surface of genus g > 1 and P is a pair of pants decomposition of Σ. Recalling the map (1), we define the representative [·, ·]
P is projectively preserved by the Hitchin connection. Proof. We consider two arbitrary complex structures σ 1 and σ 2 . Parallel transport along any curve from σ 1 to σ 2 is invariant up to scale under perturbation of the curve, hence the curve can be deformed to the canonical curve from σ 1 to P and composed with the reverse of the canonical curve from σ 2 to P without changing the projective class of the parallel transport. But by the definition of [·, ·] (k) P , the result now follows. Proof. This is an immediate consequence of Theorem 5.5 and 6.1.
Comparison with the L 2 Hermitian structure
In order to analyze the large k asymptotics of the Hermitian structures [·, ·] In [JW] , the following Propositions is established.
Proposition 8.1. We have thath
Now we define the function G (k)
where H (k) : D → R + is a function we determine below. In order to extend G (k)
P from being defined just at the pair of pants P to being defined also for points in the interior of T , we introduce the following bundles. Let C = T × C ∞ (M ). We define a subbundle N (k) of C whose fibers are
σ ) for σ ∈ T and where (20) is the Toeplitz map given by
Here π 
Since the Toeplitz map is surjective [BMS] , we know that C (k) is a vector bundle over T which is isomorphic to End (H (k) We see that (·, ·) G is projectively preserved if an only if
for all vector fields V on T and where c is some c ∈ C ∞ (T ). Now a simply rewrite of this formula using the techniques from [A6] gives an explicit formula for D (k) .
Let P be a pair of pants. We now introduce a top form on the fibers of h P as follows. We use the symplectic form to provide an isomorphism, at a generic point, between the top exterior power of the cotangent bundle along the fibers and the top exterior power of the tanget space to D at the image of the point underh P . Over D ⊂ [0, 1] 3g−3 we have a canonical section of the top exterior power of the tangent bundle, which we use to induce a volume form on the fibers. We denote the fiberwise volume form Ω P,b . For each of the Bohr-Sommerfeld fiber b ofh P , we introduce a projection operator
where H We can now define
P ) as the composite
.
Now we let
N P = ker T σ0 . We observe that we can embed C (k) R into the trivial bundle C ∞ (M ) × T , where it maps onto the functions which are orthogonal to the subbundle N (k) . This allows us to define G (k) : T → C ∞ (M ) which is orthogonal to N (k) and such that it projects to a covariant constant section of C
R,D and limits to G P at P , where we have chosen H (k) = 1. From the construction, G (k) seems to depend P , but since by construction we have the following theorem, it actually does not. 
